We introduce a comprehensive model of a mucin-like polyelectrolyte gel swelling-deswelling which includes the ion-mediated crosslinking of polymer strands and the exchange of divalent and monovalent ions in the gel. The gel is modeled as a multi-phase mixture which accounts for the polymer and solvent volume fractions and velocities as well as ionic species concentrations. Motion is determined by force balances involving viscous, drag, and chemical forces. The chemical forces are derived from a free energy which includes entropic contributions as well as the chemical and electrostatic interactions among the crosslinked polymer, uncrosslinked polymer, and the ionic solvent. The unified derivation produces all the classical effects (van't Hoff osmotic pressure, Donnan equilibrium potential, Nernst-Planck motion of ions) as well as expressions for Flory interaction parameter and the standard free energy parameters that explicitly depend on the gel chemistry and crosslink structure. For this model, we show how the interplay between ionic bath concentrations, ionic binding, and transient divalent crosslinking leads to a variety of swelled and deswelled phases/phase transitions. In particular, we show how the absorption of divalent ions can lead to a massive deswelling of the gel. We conclude that the unique properties of mucin-like gels can be explained by their ionic binding affinities and transient divalent crosslinking.
I. INTRODUCTION
Mucus is a polyelectrolyte biogel that displays unusual swelling and deswelling characteristics when compared to other polyelectrolyte gels. Mucus plays a critical role as a protective, exchange, and transport medium in the digestive, respiratory, and reproductive systems of humans and other vertebrates. 1, 2 Its swelling and deswelling is of special interest because of its role in a variety of diseases including cystic fibrosis. [3] [4] [5] [6] Mucin polymers are long-chain, negatively charged glycoproteins whose conformation depends strongly on factors such as pH, ionic strength, and ionic bath composition. 7 Mucin is present in secretory vesicles at very high concentrations where they are shielded primarily by a combination of divalent ions (e.g., Ca 2 + ). 6 Experiments show that the mucus gel may swell explosively, up to 600-fold, in times that are the order of a few seconds, a process not observed in hydrogel swelling. 8, 9 Experiments also confirm that this rapid and massive expansion of the mucus gel is driven by an exchange of calcium in the vesicle for sodium in the extracellular environment. 2 Further, experiments demonstrate that the exocytosed mucin can be recondensed if the calcium concentration of the ionic medium is increased sufficiently. 1 An explanation for this behavior may be found in the difference between the way charges are shielded by divalent ions compared to monovalent ions. A polyelectrolyte gel is negatively charged and all charges must be balanced by counterions. There are several possible counterions, including sodium, calcium, potassium, and hydrogen. The important difference between these is that calcium is divalent and so it must balance two negative charges rather than one. Hence, a divalent Ca 2 + ion can act as a "crosslinker" between two polymer strands, allowing much tighter condensation than when the negative charges of the network are shielded by monovalent ions. However, these divalent crosslinking "bonds" (i.e., affinities) are much weaker than covalent bonds hence are not permanent, explaining the ability of these gels to expand so rapidly. The transient nature of this crosslinking is corroborated by experimental and simulation findings showing that divalent ions do not form stable crosslinks between anionic polyelectrolyte chains. [10] [11] [12] [13] [14] In any process in which there is an exchange of divalent ions for monovalent ions, the crosslinking structure of the polymer network must change, thereby modifying the amount of condensation or hydration. If this is the controlling mechanism, it also follows that changes in the ionic affinity of the gel or changes in the ionic concentrations of the bath in which the gel is immersed affect the hydration state. 8 The purpose of this paper is to give a careful and complete derivation of a model describing the kinetics of polyelectrolyte mucin-like gels, and to use this model to show how the behavior of a polyelectrolyte gel in a divalent ionic environment differs from that of the same gel in a monovalent ionic environment. The model we develop explicitly accounts for the difference between shielding by monovalent ions and transient crosslinking by divalent ions and for the monovalent/divalent concentration of the bath environment. With this model we can determine how the mixture of monovalent and divalent ions in a chemical bath surrounding a gel affects the gel's equilibria.
Previous work on polyelectrolyte gels builds on the classic work of Tanaka on hydrogels, 15 and includes effects of osmotic pressure arising from the charge-induced Donnan equilibrium, 16, 17 the Poisson-Boltzmann equation and Biot's theory of poroelasticity, 18 as well as phenomenological modifications of Flory-Higgins theory to capture some effects of multi-ionic cations. 19, 20 Furthermore, in previous gel swelling literature, the Flory interaction parameter was either chosen to be a function of temperature alone or of temperature and polymer volume fraction. 17, 21 In Sec. II of this paper, we provide the details of the model including derivation of multi-phase transport equations, the interface conditions, the reaction-advection equations which take into account the ionic activity of polyelectrolyte gels in a chemical medium, and the chemical potentials which account for the long-range (electrostatic) and the shortrange (nearest neighbor) polymer-solvent interactions on a lattice. To our knowledge, we provide here the first systematic derivation of the equations of motion for a multi-species polyelectrolyte gel (with solvent, polymer and multiple ion types), that includes all the classical effects (van't Hoff osmotic pressure, Donnan equilibrium potential, Nernst-Planck motion of ions) as well as the Flory interaction parameter and the standard free energies which incorporate the effects of the underlying chemistry and gel structure. In Sec. III, we study the equilibria of the model giving a thorough analysis of these for different ionic binding affinities, interaction energies and ionic bath concentrations. We show how these parameters control the swelling/deswelling characteristics of the gel and lead to interesting phases and phase transition behavior.
II. MODEL DESCRIPTION
We view a polymer gel as a multi-component material, consisting of k different types of particles. Specifically, we have solvent particles, polymers, and several small molecular ion species. The polymer is assumed to be made up of monomers (i.e., charge units), denoted as M, with volume ν m , each of which carries a single negative charge. In addition, there are ions, both positively and negatively charged, which are dissolved in the solvent. To be specific, we identify the positive ions as hydrogen, sodium, and calcium, but it is an easy generalization to include additional ions. The negatively charged ions could include hydronium, chloride, and others. However, because the negatively charged ions are assumed to be not involved in any binding reactions with mucus, acting only as counterions to positive charges, we identify these ions by the name chloride. Positively charged ions can bind to the negatively charged monomers via the reactions
With these reactions it is assumed that all the binding sites/charge sites are identical and the binding affinities for the different ions may be different. In reality, there could be different kinds of binding sites for each ion with different binding affinities. The species M 2 Ca are crosslinked monomer pairs, and the species M − , MCa + , NaM, and HM are different monomer species, all of which move with the polymer velocity. The ion species Ca 2 + , Na + , H + , and Cl − are freely diffusible, but because they are ions, their movement is restricted by the requirement to maintain electroneutrality. Finally, because a small amount of water dissociates into hydrogen and hydronium, we are guaranteed that there are always some positive and negative ions in the solvent.
A. Equations of motion and interface conditions
In this section we use the minimum rate of work principle (also known as the Helmholtz minimum energy dissipation rate principle 22, 23 ) to derive equations of motion and interface conditions for the multi-phase fluid comprised of particles of different sizes. (A similar approach was used in Ref. 24 to derive two-phase equations for the motion of swimming bacteria.) Suppose we have some volume V of a mixture comprised of k types of particles each with particle density (number of particles per unit volume) n j , and particle volumes ν j , j = 1, . . . , k. Specifically, we have a polymer network with monomeric particle density n 1 = n m , solvent, with particle densities n 2 = n s , and other molecular species with particle density n j , j = 3, . . . , k. For each of these components there is a velocity, v j , the polymer network velocity v 1 = v p , the solvent velocity v 2 = v s and molecular species velocities v j , j = 3, . . . , k. Conservation of particles implies that
where R i, j represents the rate of conversion of particle type i into particle type j. We assume that chemical reactions do not change the number density of solvent or monomer species, so that R i, j = 0 if either i or j is 1 or 2. The volume fractions for solvent and polymer are θ s = ν s n s and θ p = ν m n p , and θ p satisfies ∂θ p ∂t
We assume that the other molecular species do not contribute significantly to the volume (i.e., we take ν j = 0, j = 3, . . . , k). Therefore, θ p + θ s = 1, so it follows from (2) that
For this mixture the total rate of work is
Hereε(v) = (∇v + ∇v T ) is the rate of strain tensor, σ j (v) = η jε (v) + λ j I ∇ · v is the stress tensor, where η j > 0 and λ j , j = p, s, are the viscosities. Thus, the first two terms in D E represent the rate of energy dissipated by viscosity within the polymer and solvent. The third term represents the energy dissipation rate due to drag between solvent and polymer, and is proportional to the total number of interactions between the two particle types. The fourth term is the rate of work due to drag between solvent and ion species particles. The fifth term corresponds to the rate of work required to change the number density of particle j against its chemical potential μ j . Expressions for the chemical potentials are derived in Sec. II B. In this expression, we have ignored self interaction (viscosity) of the ions, drag between the different ion species and drag between each ion species and monomer under the assumption that the ion species are dissolved in the solvent.
According to the minimum rate of work principle, the velocities are those which minimize the rate of work D E . Accordingly, we seek to minimize the functional D E over all admissible functions (v j , P , e ), j = 1, 2, . . . , k. Here, P, the pressure, and e , the electrical potential, are Lagrange multipliers used to enforce the incompressibility condition (4), and electroneutrality, and they appear in the chemical potentials, as described below.
Following standard variational arguments (summarized in the Appendix), and assuming the ionic molecular species are dilute, we find that the equations of motion are the force balance equations demonstrating that the solvent "feels" forces from the ion chemical potentials. As shown below (39), these include electric as well as entropic forces.
In addition, if there is an edge to the gel, on one side of which (inside the gel) θ p = θ − p , and on the other side of which (outside the gel) θ
for the polymer,
for the solvent, and
for the ion species, j ≥ 3.
B. Chemical potentials
We now determine the free energy and chemical potentials for this material. As above, we suppose there are k different kinds of particles, with particle volumes ν i , and particle numbers (not number densities) N i , i = 1, . . . , k. To calculate the chemical potentials, we use the Gibb's free energy
where U is internal energy, S is entropy, T is temperature, k B is Boltzmann's constant, P is pressure, and V = j ν j N j is the total volume of the system. However, we assume that the volume occupied by species j = 3, . . . , k (which are the ions dissolved in the solvent) is small compared to that of the monomer plus solvent volumes ν m N n + ν s N s and so take V = ν m N m + ν s N s . As usual, the chemical potential μ j is defined as the change in free energy resulting from the addition of a particle of type j, keeping the numbers of all other particles fixed, i.e.,
which is the sum of the entropic contribution, μ S j , and the contributions due to internal energy and pressure, respectively.
Entropic contributions to chemical potentials
The entropy of the system is defined as
where ω i is the entropy per particle for the ith particle. Using standard counting arguments (as in Ref. 25) , for singlemolecule species,
and for polymers consisting of chains of N monomers,
is the monomeric particle fraction, and
is the solvent particle fraction. Further, we assume that the ion species are dissolved in the solvent only, with polymer volume excluded so thatφ j = N j i =1 N i for j ≥ 3, is ion species per total solvent particle fraction. Since crosslinks are transient, constantly being formed and broken by the binding and unbinding of divalent ions, their effect on the polymeric entropy is different from entropic rubber elasticity, where crosslinking bonds are permanent (i.e., covalent bonds). As a consequence, we do not include a term in the entropy corresponding to entropic rubber elasticity. Now we make an approximation. We assume that
With these assumptions, and using that μ
, we find that
Observe that in the dilute ionic-solution limit, for j ≥ 3,
where
and
for j ≥ 3, to leading order in σ I . The term σ I in the solvent chemical pressure (23) is the total ion particle fraction and represents osmotic pressure as characterized by van't Hoff's law.
Internal energy contribution to chemical potentials
We assume that the internal energy consists of two contributions, long range electrostatic interactions, and short range (nearest neighbor) interactions. The long range electrostatic interactions have energy
where z i is the charge on the ith ionic species (z 1 ≡ z m is the average charge per monomer), and e is the electric potential. For the ion species, we assume there are no additional interactions.
To calculate the short range interaction energy for the polymer and solvent, we note that there are N m monomers and Fig. 1(f) ).
We let k B T 0 xx , k B T 0 uu , k B T 0 pp , k B T 0 us , and k B T 0 ss be the interaction energies associated with each crosslinked monomer-monomer interaction, uncrosslinked monomermonomer interaction, monomer-monomer interaction within a polymer strand, monomer-solvent interaction and solventsolvent interaction, respectively. T 0 is a reference temperature. The interaction energies for crosslinked, uncrosslinked polymer particles, and solvent particles are
respectively, where
. Each of these is calculated using standard mean-field arguments. For example, for F 2 u (see Fig. 1(e) ), there are (1 − α)N m uncrosslinked monomers, of which 2 N are at the ends of a polymer chain. For each of these, one interaction is monomer-monomer, and the remaining z − 1 interactions are distributed to monomermonomer, with probability N m N T and monomer-solvent, with probability
It follows that the total per particle interaction energy is
(The factor 1 2 multiplying the sum of energies is to correct for double counting.) The dependences of the interaction parameter i and standard free energies μ p 0 , μ s 0 on α determine the relation between the free energy of the gel and the fraction of polymers crosslinked by divalent ions. Furthermore, the corresponding contributions to chemical potentials are
Notice that when α = 0, U I in Eq. (32) reduces to the interaction energy found in standard Flory-Huggins theory. 26, 27 In summary, the chemical potential for each species is comprised of four terms
For the ion species, μ I j = 0, and we ignore its volume, ν j , so that
where e = e k B T
. Because it is small compared to ln φ j , we ignore the term 2σ I as well. The polymer and solvent chemical potentials are
Finally, the gel-sol interface conditions, Eqs. (10) and (11), become
where P ≡ P − , P + = 0 and
+ e = 0. Eliminating P from these we find the single interface condition
where net is the net swelling pressure,
It is worth noting that
is the free energy associated with the polymer-solvent system free of ions.
C. Ionization chemistry
To track the chemical species, we must know how they move and react. The concentrations per total volume of the polymer species are denoted by
, and y = [HM], with the total monomer concentration,
The concentrations per solvent volume of the ion species are denoted as c = [
, and c l = [Cl − ]. With concentrations expressed in units of moles per liter, the relationship between ion particle fractions φ j and concentrations c j is φ j = ν s N A c j , where N A is Avagadro's number.
To describe the chemical reactions, we use the law of mass action. Since all the monomer species are advected with the polymer velocity v p , the monomer species evolve according to 
where θ p = ν m N A m T satisfies Eq. (3), and m is obtained from Eq. (50). Because the unbinding (dissociation) reactions are ionization reactions that require two "units" of solvent, we take the unbinding reaction rates to be k −C φ 2 s , C = c, x, n, h, and because calcium is a divalent ion, 2k x = k c and k −x = 2k −c .
It follows from (8) and (39) that the (per solvent volume) flux of the ion species is the classical Nernst-Planck flux
all of which are subject to the interface conditions [μ C ] = 0. The electrostatic potential, e , is determined by the electroneutrality requirement inside the gel, namely,
where z m is the average charge per monomer. In this situation, where this charge depends on the amount of binding with ions,
Both the potential and polymer particle fraction are assumed to be zero outside the gel. Electroneutrality in the bath requires that
where the subscript "b" denotes the corresponding bath concentrations. Several significant simplifications in the above equations result if we make the reasonable assumption that diffusion of ion species and their binding and unbinding reactions are fast compared to the swelling kinetics of the polymer network. Rapid diffusion implies that
which because of the ion species interface condition (12) ,
with C = c, n, h, c l , z n = z h = 1, z c = 2, and z c l = −1.
The quantity e at the interface is identified as the Donnan potential.
The assumption of fast chemistry implies (set the r.h.s. of Eqs. (51)- (54) and Eqs. (56)-(58) to zero) that
where 
Under the assumption of fast diffusion and fast chemistry, the electroneutrality condition Eq. (60), reduces to
completing the description of the model. In summary, the complete model consists of mass conservation equation (3), total volume conservation equation (4) together with force balance equations (6) and (7), and interface condition, Eq. (46), subject to the conditions Eq. (67) (monomer conservation) and Eq. (68) (electroneutrality). The crosslink fraction is α = 2x m T , and the van't Hoff factor is σ I = ν s N A I , where
. In summary, the assumptions made in the derivation of this model are r Ionic species are dilute (φ j φ s , j ≥ 3) and do not contribute to the pressure (ν j = 0, j ≥ 3).
r Ionic species are dissolved in the solvent. 
r Diffusion of ion species is fast and reaction of ionic species with monomer is fast compared to other kinetic processes.
III. EQUILIBRIUM ANALYSIS
We begin the study of these equations with an exploration of their equilibria. At equilibrium, there is no movement so that v p,s (x, t) = 0, requiring θ p to be uniform inside the gel. With no movement, the interface condition, Eq. (46), reduces to
Equilibrium solutions are the values (θ p , e , m) which satisfy Eqs. (67), (68), and (71).
The basic question that we wish to answer is how do the presence of polymer charges, divalent crosslinking, and dissolved ions affect the behavior of this gel. We address this question by examining the equilibrium solutions as functions of the bath concentrations, ) represents the swelling pressure for an uncharged gel, including effects of divalent ion binding and crosslinking, and is closely related to the standard Flory-Huggins chemical potential. 27 The term represents swelling pressure coming from the fact that the monomers may be charged, i.e., the Donnan equilibrium. These latter terms are nonnegative, and increases in them promote swelling (i.e., a decrease in volume fraction). An important observation is that increasing |z m | or decreasing a bath concentration increases the swelling pressure, while the opposite changes decrease the swelling pressure. For example, in the case that there are only monovalent ions, The simplest case to consider is when there are no dissolved ions (N b = C b = 0), and there is no charge on the gel (K h = 0). This problem has been thoroughly discussed in Ref. 28 . For this, the equilibrium solutions are completely characterized by the interaction and standard free energy parameters,
As noted in Eq. (48), the function k B T (
) is the derivative of the free energy per particle with respect to θ p , and therefore zeros of this function correspond to extrema of the free energy. If i 0 < 0, the free energy has a unique minimum for all values of T, while if i 0 > 0 there is a range of temperature values for which the free energy is a double well potential, and for these temperatures there are three equilibria (two of which are stable, i.e., there is bistability).
For illustrative purposes, in the results that follow, the number of monomers per chain is fixed at N = 3, the coordination number at z = 6 and the temperature is set at T = T 0 . It is known 28 that the qualitative behavior of the reduced system (with no charge, no crosslinking, and no dissolved ions) is not affected by changes of these parameters. Furthermore, for simplicity we take ν m = ν s , again with the recognition that the qualitative features of the system are not changed significantly if this is not the case. For the following discussion, we take 1 = −4.5, 2 = −1.5, 4 = 0. For these values, the free energy is a single well potential and has a unique minimum. Thus, the fully simplified gel has no first order volume-transition behavior. However, as we describe below, the effects of charge and crosslinking can change this in significant ways.
A. Case 1: No dissolved ions
First, we explore the equilibrium states of the gel in an infinite water bath with no dissolved ions (N b = C b = 0). Hydrogen ions are available in the bath because of dissociation of water into hydrogen and hydronium, or because of the addition of HCl to the bath. H + ions can bind with the monomers with the binding reaction
Figure 2(a) shows the H b -K h phase diagram for the equilibrium states, with two regions, region A, in which there is a unique equilibrium solution and region B, in which there are three equilibria. The swelling curves (i.e., plots of equilibria vs. H b ) for four different values of the dissociation con- Fig. 2(b) . There are two qualitatively different types of swelling curves. If the gel is a strong acid (log 10 K h > −2.04) there is gradual deswelling of the gel as the hydrogen bath concentration is increased, a second order/continuous volume transition. If the gel is a weak acid (log 10 K h < −2.04), it can have three equilibrium states, depending on the bath concentration H b , with hysteretic deswelling-swelling phase transition behavior. That is, there is a discontinuous (first order) deswelling transition with increasing H b and a discontinuous (first order) swelling transition with decreasing H b .
With our choice of parameters, the uncharged gel has a unique equilibrium, so the appearance of a range of K h for which the charged gel has three solutions is a surprise. However, further examination of parameter space reveals that this is a highly robust behavior. It results because the swelling pressure from the Donnan equilibrium is a positive function of θ p with an interior maximum. As a result, ionization chemistry and the swelling pressures that result make the total free energy into a double well potential for certain parameter values, even though without ionization, it is a single well potential.
There is a very strong inverse relationship between the functions log 10 θ p and z m e that can be seen by comparing Figs. 2(b) and 2(c) . That is, increasing z m e correlates closely with decreasing log 10 θ p . This is easily understood since at low volume fraction the dominant contributions to the polymer chemical potential are from Notice, also, that the potential vanishes for sufficiently large hydrogen bath concentration. This is reasonable since, at large enough ion concentrations, all monomer binding sites are bound, eliminating the charge, and hence the potential. At high concentrations the gel is uncharged and deswollen.
In summary, the (physically relevant) solutions deswell as a function of increasing H b . (The physically relevant solutions are the largest and smallest solutions, if there are three, because the intermediate solution is unstable.) This is because increasing hydrogen bath concentration leads to a decrease in ionization (Fig. 2(d) ) and decreased swelling pressure (Fig. 2(c) ), both contributing to deswelling.
B. Case 2: Dissolved monovalent ions
Next we consider the situation in which the gel is immersed in an infinite bath with fixed hydrogen concentration (H b = 10 −7 ) containing monovalent cations, e.g., Na + (i.e., C b = 0) with the binding reaction
in addition to that in Eq. (74). The phase diagrams for this case are readily determined from the phase diagram Fig. 2 (a) 
. Accordingly, a phase diagram in the N b -K n parameter plane can be found using this change of variables from the p h -p K phase diagram shown in Fig. 2(a) . Figure 3 (a) shows 9 different regions of K h -K n parameter space for which there are qualitatively different swelling curves, and Fig. 3(b) shows three of the five possible phase diagrams that result. Each phase diagram corresponds to a different horizontal slice of Fig. 3(a) . Figures 4-6 show swelling curves (i.e., equilibria plotted vs. N b ) for several values of K n .
For small K h (weak acid, Region I in Fig. 3(a) , swelling curve not shown), there is little change in the volume fraction as N b is varied, because the gel is effectively uncharged with small Donnan potential or potential-induced osmotic pressure. There are no changes in volume fraction for an uncharged polymer as ion bath concentration changes, since there is no Donnan potential or osmotic pressure. For large K h (strong acid, Regions IV a,b in Fig. 3(a) ), there is swelling-deswelling behavior reminiscent of the single ion case seen in Fig. 2 . These swelling curves θ p vs. N b are shown in Fig. 4 For intermediate values of K h , with swelling curves shown in Figs. 5(a) and 6(a), there are additional swellingdeswelling features. In these regions, for small K n (e.g. (solid curve)log 10 K n = −3.0), the behavior is similar to that for the situation in Case 1 with small dissociation constant, i.e., slight deswelling as the bath concentration is increased. For larger K n there is gradual deswelling ((dotted curve)log 10 K n = −1.0) or a hysteretic deswelling-swelling phase transition ((dashed curve)log 10 K n = −2.0 in Fig. 5) for sufficiently large N b . However, for these curves there is a new feature, namely, a region with N b ≈ 10 −7 for which there is swelling, either gradual or through a phase transition, as the sodium bath concentration increases.
The explanation for these swelling features is that there is a complicated interplay between ionization (which promotes swelling) and increases in bath concentration which promote deswelling. This is illustrated in Fig. 7 specific case in which log 10 K h = −3.5 and log 10 K n = −2.0 (see Fig. 6 ). In Fig. 7 , we see that as N b increases, there is an increase in sodium binding, and a decrease in hydrogen binding, with the net effect of an initial increase in the total ionization |z m |, i.e., there is more unbinding of hydrogen than binding of sodium when the bath concentrations of the two ions are about the same. To understand this exchange better, notice that from Eqs. (64) and (65), as N b increases. This forces significant unbinding of hydrogen, leading to the observed net ionization.
As noted before, ionization promotes swelling and increased ion bath concentration promotes deswelling; in this parameter range ionization swelling pressure dominates the ion bath concentration deswelling pressure. Thus, this ion exchange process explains the appearance of swelling regions in the swelling curves of Figs. 5 and 6.
C. Case 3: Dissolved divalent ions
Next, we consider a bath containing divalent Ca 2 + ions. Unlike monovalent ions, the divalent Ca 2 + ions can crosslink two monomers giving rise to the crosslinked species M 2 Ca and the intermediate ions, MCa + (Eq. (1)). As before, we set the bath concentration of hydrogen to H b = 10 −7 . There are two cases to consider, first with 3 = 0 and then with 3 < 0 (see Eq. (34)).
With 3 = 0, crosslinking has only a minor affect on the chemical potentials and so, not surprisingly, there is little difference from the monovalent ion case. The K c -K h parameterspace is again divided into nine different regions ( Fig. 8(a) ) for which there are qualitatively different swelling curves. Figure 8 (b) shows three of the five possible phase diagrams that result. Each phase diagram corresponds to a different horizontal slice of Fig. 8(a) . The swelling curves for these are not shown, because they are qualitatively the same as those for the monovalent ion case.
Even with 3 = 0, there are two differences between the monovalent and divalent cases that deserve mentioning. First, notice that the scale for C b on the phase diagram Fig. 8(b) is much smaller than the scale for N b in the phase diagram Fig. 3(b) . This is because smaller amounts of calcium are needed to neutralize the charge of the monomer, since crosslinking involves two calcium-monomer binding reactions.
Second, in the monovalent case, binding always converts a negatively charged monomer into one without charge. In the divalent ion case, binding of a monomer with an ion converts it from a negatively charged ion into a positively charged ion. Thus, at sufficiently high calcium ion concentrations the average charge on the monomer is positive rather than negative. This has little effect on the overall swelling pressure since at high ion concentrations the charge on the gel is small relative to the overall number of available ions, and the Donnan and osmotic swelling pressures both vanish. As a consequence, at sufficiently high C b the gel behaves as if it is uncharged. When 3 < 0, the K c -K h parameter-space is divided into the ten different regions shown in Fig. 9 (a) for which there are qualitatively different swelling curves. Figure 9 (b) shows four of the six possible phase diagrams that result. Each phase diagram corresponds to a different horizontal slice of Fig. 9(a) .
The most significant effect of having 3 < 0 is seen in the swelling curves. With 3 < 0, crosslinked monomer-monomer interactions are energetically preferred to all other monomermonomer interactions. Hence, crosslinking reduces the interaction energy and in that way promotes deswelling. This is most evident when the dissociation constant K c is small, so that the monomer has a strong affinity for calcium, and when K h is large, so that there are many binding sites available for crosslinking. We illustrate this effect with a series of plots in Fig. 10 comparing swelling curves for 3 = 0 with those for 3 = −26.667, all other parameters remaining the same. We also include a plot of α, the proportion of monomers that are crosslinked, vs. C b .
The most apparent difference between the two sets of swelling curves is that for 3 < 0, there is a region of C b for which there is massive deswelling compared to the 3 = 0 case ( Fig. 10(a) vs. Fig. 10(b) ). This is explained by the fact that crosslinking is energetically preferred, and more crosslinking is possible if the concentration of binding sites is higher, which in turn is facilitated if the gel is condensed.
There is another interesting feature of the 3 < 0 swelling curves, namely, that for sufficiently high C b , crosslinking is lost and the gel swells. This can be explained by the fact that at high calcium concentration, the species MCa + is dominant so that the gel is overall positively charged, and not crosslinked. Since crosslinking is lost, the effect of having 3 < 0 is lost as well.
The equilibrium state of a gel is determined by the balance of three important forces, deswelling pressure from the ionic bath, swelling pressure from the ionization state, and deswelling pressure from the interaction energy preference that comes with divalent crosslinking (when 3 < 0). Necessarily, changes in the equilibrium state are mediated by changes in this balance. To illustrate how this interplay works, in , and with dissociation constants log 10 K h = −3.5 and log 10 K c = −3.0 (corresponding to the dotted curves in Fig. 10 ). In Fig. 11(a) , we see that as C b increases, there is first an increase in ionization, caused by unbinding of hydrogen, followed by a decrease in ionization, caused by increased calcium crosslinking (seen in Fig. 10(c) ), and then followed by increased ionization as crosslinks are exchanged for single calcium-monomer bonds, giving the monomer a net charge that approaches z m = 1. Corresponding to these changes in ionization state, the gel (see Fig. 10(a) ) first swells as hydrogen unbinds and then deswells as the calcium bath concentration becomes large.
For 3 < 0, the balance of forces leads to a much different result. The ionization pattern seen in Fig. 11(b) is similar to that in Fig. 11(a) , with ionization (unbinding of hydrogen) followed by de-ionization (mediated by calcium crosslinking), followed again by ionization as calcium crosslinks are replaced by single calcium-monomer bonds. However, the initial ionization swelling pressure is overwhelmed by the crosslinking energy gain and this leads to deswelling at small to intermediate C b . For large C b , where crosslinking is lost, swelling occurs because the effects of ionization are dominated by the effects of the ion bath concentration. In summary, we see large volume transitions when calcium crosslinking is energetically favored.
IV. DISCUSSION AND CONCLUSION
In this paper, we have given a systematic derivation and equilibrium analysis of a model to understand the swelling and deswelling of a mucin-like polyelectrolyte gel. We examine the effects of changes in the bath concentration of monovalent and divalent ions, changes in the ionization state of the gel because of binding/unbinding of ions, as well as changes in the divalent crosslinking. A feature that distinguishes mucin-like gels is that crosslinking is divalent hence transient, but not covalent, and so it is not appropriate to use rubber elasticity to model the gel's entropy.
Using this model, the equilibrium swelling phase diagrams were mapped out for the cases when the bath contained monovalent ions, e.g., Na + , or divalent ions, e.g., Ca 2 + . We learned that, generally speaking, increasing the bath concentration of the ion species leads to deswelling while increasing the ionization state leads to swelling, in agreement with experimental observations. 29 However, because of complex interactions between competing forces, there can be hysteretic first order phase transitions of either type (i.e., deswelling with increases and swelling with decreases of bath concentrations, or the opposite). Furthermore, these hysteretic phase transition behaviors occur even though the free energy function of the deionized gel is a single well potential. In addition, deswelling can be enhanced significantly if there is crosslinking with a divalent ion whose affinity for binding to monomers is sufficiently large, and if there is an energetic preference for the crosslinked monomer-monomer pair compared to the non-crosslinked monomer-monomer pair ( 3 < 0). The result is that there are dramatic deswelling or swelling transitions when divalent ion concentrations are changed. It is this dramatic deswelling/swelling behavior that sets mucin-like gels apart from other polyelectrolyte gels.
Because the swelling of a mucin-like gel following exocytosis is related to the exchange of monovalent and divalent ions and the associated changing of the crosslinking structure, the kinetics of this process is significantly different than that for a non-ionic polymer gel. 23 In this paper we focused on the derivation of the model and its equilibria. A full study of the kinetics of swelling will be the subject of a forthcoming article.
